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rupture occurs to the left of (1.19) only when the curves {(2.11) and (2.17) drop and shrink
to the "triple" point gy = 2y,, M = tg2y,. The line (2.9) which will shift to the left as
o, decreases will be the boundary separating the solution with rupture from the solution
without rupture.

Thus, for very large values of ¢, rupture is possible only in the second and third
regimes for high impact velocities, the curve of the limit states is in the domain of large
values of M. As g, decreases, this curve drops montonically, and for a certain ¢, shrinks
into a triple point. As ¢, decreases further, it is transformed into the segment of a line
(2.9) which tends to the axis M as ¢, — 0.

The solution of corresponding problems on the impact of a cone on a membrane can be con-
structed by exactly analogous methods by using the singularities of the solution at the break
point of the structure and the scheme taken for the rupture process.

The results obtained here can be utilized in the general case of non-selfsimilar problems
with curvilinear outlines of the impacting body surface.
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ON THE THEORY OF LONG WAVES IN AN INCLINED CHANNEL™

A.M. TER-KRIKOROV

A method resembling the asymptotic small-parameter method /1-—3/,is used
to study. the long steady waves in an inclined channel, with the waves
degenerating into solitons as their length tends to infinity. By

analogy with the theory of stability of elastic rods, the process of
transition from cne-dimensional steady flow to two-dimensional flow, can
be represented as instantaneous, with the result that all rectilinear
stream lines becomes curved, but the values of the Froude and Reynolds
numbers remain the same. It is shown that solutions of this type can
exist, provided that the velocity of wave propagation and the value of

the Reynolds number are nearly critical. Simple formulas are obtained

for the wave profile, and the dependence of the wave propagation on the
amplitude. If the Reynolds number is small and the angle of inclination
of the channel is nearly /2, the same formulas hold even without the
assumption that the Reynolds number is nearly critical. The method opens
up the possibility of proving existence and uniqueness theorems by analogy
with /1=3/. Technical difficulties arise in connection with the estimates
for Green's function for the biharmonic operator.

1. Formulation of the problem. Consider the two-dimensional steady flow of a
homogeneous, incompressible heavy viscous fluid with a free boundary, over a rectilinear bottom
inclined at an angle a to the horizontal. We shall assume that the two-dimensional flow
is caused by instantaneous loss of stability of a one-dimensional flow characterized by the
Reynolds number R = @/v and Froude number F = gH%(Q? (Q is the flow rate and H is the depth
of the stream. We shall write the equations of motion in a coordinate system moving in a
direction parallel to the channel bottom with wave velocity c. The origin of coordinates
is chosen at the free unperturbed boundary, and the y axis is parallel tc the force of gravity.
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The rate of flow is determined in the fixed coordinate system.
We have the following formulas for the velocity of one-dimensional flow /4/:

a(n)=—§—(nz—1)-{—c=—g—(n2+7.), 7~=-.‘2;~C——1 (1.1)

(m 1is the ordinate). We also introduce the following stream function for one-dimensional
flow:

d 3 1 3
—fT=a(n)=Tnz+7», $(0)=0, Y=+ 5M

If A>0, then a(n)>0 and the following inverse function exists:

1 3,
=), 0<¥ Tho=p+54 —l=tan) (1.2)
2. Transformation of the equations of two-dimensional flow. Introducing the

stream function + (z, y) for the two-dimensional flow and using the relation FR sina = 3 {4].
we can write the Navier-Stokes equations in the form

M N ey v 3 1 sy dp

dy dzey  er oy R + 7 3y 9z (z.1)
oy o oy Y Beiga L a(dy)  dp

T Ty orr T Tax srey R R~ oz ay

The tangential stresses at the free boundary y=7Y (z) must be equal to zerc. We shall
write this condition in the form

_ 2 i4yi@r e
y=Y() P=RF TV (nF dz0y (2.2)
ay oy DACTR. T
oyt 9zf = 1—7 ()¢ dzoy

The free boundary and the bottom must represent the stream lines, and the condition of
adhesion must hold at the bottom
3 Y

@Y @)=0, Yz )= +->h S y=c (2.3)

The difference encountered in the course of solving the non-linear boundary value problem -
(2.1)—~(2.3) are caused by the fact that the free boundary y =y (z) is not known and must
be determined during the solution. The problem becomes more complicated in the non-steady
and the three-dimensional case, and also when the surface tension at the free boundary is
taken into account.

We note that the formulation of the problem (2.1)—(2.3) contains several parameters,
and all asymptotic methods of constructing an approximate solution are based on certain
a priori assumptions concerning the form of the functional dependence of the solution on the
parameters. Usually the solution is sought in the form of a formal series in powers of a
small parameter whose choice is dictated by physical considerations. The formal series will
be asymptotic for the exact solution only when the small parameter is correctly chosen.

In a number of papers (/5~7/ et al) the Korteweg-de Vries method was used to deal with
the problems of waves formed when a viscous film flowed down an inclined plane. ' The Korteweg-
de Vries type equations were used in /7—9/ to study the stability of a one-dimensional flow
and of the steady, two-dimensional, periodic and soliton-type solutions. Other references
of similar type can be found in /5—9/. In /10/ a formal expansion in terms of a small
parameter was applied to the stationary system (2.1)—(2.3) under the assumption that the
Reynolds number was small and a =~ n/2, but correct formulas for the wave profile and the
dependence of the rate of propagation on the amplitude were not cbtained.

Below we use the method of /11, 12/, which is based on reducing the problem (2.1)—(Z2.3)
to a boundary value problem for a region with a known boundary.

By virtue of the conditions (2.3) written in terms of the independent variables =,y
a rectilinear strip corresponds to the region of flows. It is convenient tc replace the
independent variable y by the independent variable 7 connected with 4 by the relation
(1.2). Then the strip —oo << < +oo, 0 {1 will correspond to the region of flow,
while the ordinate y(z, m) will become the dependent variable. Differentiating the identity
y(z, n@ (z, y))) =y, we obtain the relations
W _ e oov _ eWiEW (2.4)

Yy Uptz ) o Yy 2, M)
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Since by virtue of (1.1)a ( ¢, we obtain from (2.3) the boundary conditions for y (z, n)

y@ ) =yn(z 1) =1 (2.5)
If we now take the function o (z,7), expressed in terms of y (2, m) as follows:
n
— w (2, ) o(z1)
y(ZYTI)_n_ a (M) _SW[( a () )l-!dt (2.6)

1

o) =ogx 1)=0,¢u) =e*—1+u

as the dependent variable, the boundary conditions (2.5) will be satisfied.
We can now reduce the system of Navier-Stokes equations (2.1) and boundary conditions
(2.2) to the solution of an integrodifferential equation with the initial condition when n = 0
P v 3w [ o\ > 39 Y\ 7
o S0 ) | _oq( 2 L=
To =3¢ | (), |2 (2, T Fwexn, (%), (2.7)
N=0, @nq—uo=ay(y)exp(—32ug), u=2/A
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Relation (2.6) gives the expression for y in terms of . The boundary conditions
for (z,n) are given in (2.6), and z(y) is given by (2.4).

We note that the equations and boundary conditions are invariant with respect to the
displacement in the indepent variable x; therefore the solution is also obtained apart from
the displacement. To remove this indeterminancy, we shall require the y axis should pass
through the maximum and minimum of the profile of the free boundary. This leads to the
following condition:

¥ (0, 0) =0 (2.8)
We shall also separate the linear parts of the operators F (y) and (y)

dw (z. 0) 80 (z, 0) Pw (z. 1)

Fiufy)=2ctga ————— —gaz— — 2~z T (2.9)
“R Faw ¢ G 4 p_o 60 . L %
S T d"—S‘azT - 7;‘(“717—‘“”)’ = TGz
[} 0

3. Constructing an approximate solution. The form of the equation and boundary
conditions (2.7) and (2.6) enables us to apply the general scheme of constructing the long-
wave theory /1—3/. ©Neglecting in the equations and bounary conditions the non-linear terms
and terms containing derivatives in x, we arrive at the following eigenvalue problem:

() =0, " (0) — per (0) = 0. v (1) =v" (1) =0 (3.1)

It can be confirmed that problem (3.1) has a unique eigenvalue and eigenfunction

E 3 5
wo=2, vo(n)=%(n—1)2=ao*dn, ao=-5 (0 + 1) (3.2)

From the relation yu = 2/r it follows that
1 3
A'o="TH¢)=1. co=-—2—(1+}»0)=3
Thus the critical wave propagation velocity is equal to three, which agrees with the
result obtained in /10/.
We shall assume that the angle of inclination of the channel bottom satisfies the con-
dition a@>» a,>0. Let us write u=2—¢, R= R, + eR,.

The small parameter g characterizes the nearness of the velocity of propagation to its
critical value, since
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3 , 3e
=-—2—(1-,—7»,)=3-|——-——4___2s
The critical value of the Reynolds number R, will be found below.
Following the long-wave theory we shall expand the independent variable x and seek the

solution in the form of a series in powers of the parameter )f[e|

=Eflefr o=lelo+ e+ e+ ... (3.3)

Substituting the expansion (3.3) into the equations and boundary conditions (2.6}, (2.7),
we obtain a sequence of boundary value problems for determining the functions ;(f, m). For
@y We obtain the following boundary value problem:

Al 6%,
T =0, R0 =20 0)=0, @)= 1=0.
By virtue of (3.1) and (3.2) its solution has the form

w; (8, m) = C (E) vo () (3.4)

where ( (§) is an unknown function which will have to be determined from the subsequent
approximations.
We obtain the following boundary value problem for determining @,:

Fay den (8, 0)
P I3

C®EM, E(m=3ctga—— Ro(l— 1)

o(aa—‘:)]l ao—ag'(ol)g—l—?.ctga = (3.5)

T E0)— 20,3, 0)=0, @ 1=FEEH=0

Simple calculations prove the validity of the following lemma.

Lemma. Let f(v) be a function continuous in the interval {[0,1], and let o be a real
number. The inhomogeneous boundary value problem

&Brid® =fMm), V) —200)=ca, v{i)=0v 1) =0

is solvable if and only if the condition

I

a4+ \(1—13)j(t)dt =0 (3.6)

o

holds.
Applying the lemma to the boundary value problem (3.5), we obtain the condition of its
solvability in the form

1
(- E@d=0

0

Substituting the expression for the function E (f) and (3.5) we find that the critical
value of the Reynolds number is R, = %/gctg a, and the one-dimensional flow loses its stability
at this value (see e.g. /8/). 1If we take the maximum velocity of the unperturbed flow as the
unit velocity instead of the mean velocity, then R, = %,ctga.

We obtain the following expression for the function w,:

02 (B M) =C" (®) 6 (1) + D () vo (n), 8(m) =5 (20° — m¥ — ) (3.7)

where D (E) is a new unknown function. Thus the second approximation equations yield the
critical value of the Reynolds number, but not the unknown function C ().

Let us now formulate the boundary value problem for determining the function ws (E. ).
Using expressions (3.4) and (3.7), we obtain the following formulas for the functions w; (§; 1)

and w; (§, n):
%=A(n)0(§)2+B(n)C"(§)+E(n)D’(§) (3.8)
o 1) = 22D — 0

Ay (5, 0 3 3
ZonlaD) — 205 (8 0) == - sgneC ) + €' ()

A(n)=54 (1_7\2)2 48 'ﬂ’(3—’l‘)’

(1= (1 + w2y
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B(n)=9——6n+—6%-ctg*a(-—1+ Tnt — 3nt — 31)

Applying the condition of solvability (3.6) to problem (3.8), we obtain a differential
equation for determining the unknown function C (8). We must remember here that the function
E () is orthogonal to the function (1— 93

a,C" (§) + agC’ (8) + asC (§) =0 (3.9)

1
ay =5 + §B<n><1~—n->dn—9 ar={ Ayt —m)an=s,
g o

3
asstgne

The second integral in (3.9) is obtained by substitution 1 = tg ¢/2.

Let us turn our attention to the fact that the coefficients of (3.9) are independent of
the angle of inclination o of the channel bottom. Equation (3.9) has the form " (&) +
2/,C? (}) = Yy sgn eC (§) and has been studied more than once (see e.g. /1—3/). Periodic solutions

exist only when &> 0, and can be expressed in terms of the elliptic Jacobi function ecn (, k).
When k —1, and hence when the period tends to infinity, the periodic solution degenerates
into a periodic (a soliton). 1In this case we have

€ (§) =lsech? (=2 2‘/6 ) (3.10)
The formulas for the free boundary and velocity propagation have the form
Y(x)——Tsechf(‘r]/—) o(e), c—-3+\—~+o(e) (3.11)
and in dimensional variables
Y(x)=——asech2(~‘;- -g-s-) cx-g-(3+%i),a>0 (3.12)

Since the solutions of (3.9) are cbtained apart from the displacement, we choose the
solution satisfying the condition (2.8).

We find that to a first approximation the wave profile and its velocity propagation depend
only on the dimensionless amplitude and are independent of the angle of inclination of the
channel bottom and the Reynolds number. This is explained by the relation connecting the
parameters: FRsinag =3, B =3 ctga -+ 0 (), ¢ =23+ 0 (g.

The first formula of (3.12) can be obtained from the expression for the wave profile
given in /5/.

4. Constructing the subsequent approximations. Solving the boundary value
problem (3.8) we obtain

s (€, M) =@ E )+ D' (E) M)+ K (E) v, )

where the function ¢ (&, n) is known, the function 8 () is given by Eq.(3.7), and K (}) is
a new unknown function. The boundary value problem for determining ®, has the form

=27 (8 e (2 (B 2 +
Rf (a2 b0

M
Py (£, 0 g (5,1
Lol L, @)= _%_) 0

3, (E, 0 0
2oL ) 204 (8, 0) = — sguewn (3, 0) + "’“’;éf' ) 4 (®)

e a{m,) +2ctga

where ¢, (§, ) and ¢, (8} are known functions. Tt can easily be shown that these functions
will be polynomials in ( (§). Using the condition of solvability of (3.6) we obtain the
equation for determining the unknown function D ()

D) + 5 C®DE)—sgneD® =) (4.1)

where ¢ (§) is a known function (a polynomial in ¢ ).
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Equations of type (4.1) were studied in /1—3/. The relation Jy;, = C’' (§), represents one
particular solution of the homogeneous equation, and the other (y,) can be found with help
of Liouville's formula. 1f C(f) is a periodic solution of (3.9), we have y, (f) = (&) +
BEC’ (3), where [(E) is an even periodic function and B is a constant depending on the
period. The periodic solution of (4.1) satisfying the condition D’ (0) = 0, has the form

3
DEH=w®\vOnOd—nEd

i

1
YOy @d+ B voypn@a

—L

O v

Note that in order to construct further approximations, we shall have to solve Eq.(4.1)
every time, but with different right-hand sides.

Thus we can construct, one after the other, all terms of the series (3.3) which, generally
speaking, will not converge. By analogy with the long-wave theory in a perfect fluid, we can
expect that it will be uniformly asymptotic for the exact solution as & — 0.

We also note that if the Reynolds number is small and the angle of inclination ¢ is
nearly gsi/2, or more accurately ctga =o0(e), R =o0(e) as & —0, then the solution of the
problem must be sought in the form of a series in integer powers of the parameter g, w = €w; +
e2@, + .... To a first approximation we have o, (§, 1) = C (§) v, (n)s where the unknown functiocn
C (&) is found from the second approximation equations. The equations for determining w, (£,
n) have the form (3.8), provided that we write in these equations ctga = 0. The equation
for determining the free boundary will retain the form (3.12), but in this case it will no
longer be necessary to satisfy the relation R = 5/,clga connecting the Reynolds number with

the angle of inclination. For small angles of inclination and large Reynolds numbers another
asymptotic- theory will have to be developed, related to bounday layer theory, but this problem
will not bh considered here (see e.g. /13/.

5. Some thoughts on the proof of the theorems of existence and uniqueness.
A general scheme for proving the theorems of existence and uniqueness of long waves degenerat-
ing into solitons as the wavelength tends to infinity, was developed in /1-~3/. The scheme
can be used, after some modifications, in the theory of oscillating waves, but the technical
complications become greater.

Let us retain in (2.7) only the linear and guadratic terms not containing the derivatives
in x. We shall assume for simplicity that the Reynolds number is small (therefore the angle
o will be nearly z/2). Thus we neglect in (2.7) terms containing R and ctga. Taking
into account (2.9) we obtain

Fw/on® = Lyw + Flpw, 0 (. 1) = @y, 1) =0 (5.1)

n
B (2. 0y 5 %0 (z, M) * G

Fin=——msm— — 2%z _S 7 dn

0
U B N VO L
Lyo = 2 ( a, )n_: ‘ao< a9 >'rm
o (2, 0) — 20 (7, 0) = — eo (x,0) +- LD (5.2)

The problem of solving the integrodifferential equation (5.1) with boundary conditions
(5.2) and (2.6), can be replaced by the equivalent boundary value problem for a fourth-order
differential equation, Differentiating (5.1) with respect to 1], we obtain

Ut
(98}

4
A2p == - (Lo®) (

where A is the lLaplace operator, Substituting into (5.1) 1 = 0, we obtain the boundary con-
ditions

Po . [0 5.4
= 8 gy T oo m=0 e

Thus we have to solve the fourth-order equation (5.3) with boundary conditions (5.2),
(5.4) and (2.6).

Similar problems for some classes of elliptic second-order equations were studied in
/1—3/ using the method of splitting based on projecting the function e onto the difection
of the eigenfunction u,(n) and its orthogonal complement. Since equation {5.3) contains
mixed derivatives and the corresponding non-selfconjugate differential operators, it follows
that the method cannot be applied directly to equation (5.3).

We can follow the more complex method used in /11, 12/. We shall consider, to be specific,
the case of a solitary wave. Let us consider a linear, inhomogeneous boundary value problem
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for a biharmonic operator in the strip —o<z<+ e, 0N

A-u=-ﬂ%—m—, u{z, !)=~§%~(z,i)=0 (5.5)
&u(z, 0) Fu iz, O}

51')3 + 3 3z%0m, =f (‘t’ 0)
8%u (z, 0) _ 8 (z, 0)

o 2% —2u(z,0) = @ ()

where gz} and f(z, v) are fairly smooth functions decreasing exponentially as z-— oo .

1f we construct Green's function for problem (5.5), we can reduce the non-linear
{5.3) to a non-linear integrodifferential equation. Applying a Fourier transformation, we
can express Green's function of problem (5.5) in terms of a contour integral of a meromorphic
function with a multiple pole at the zero. Using the theory of residues, we can represent
Greens' function in the form of the sum of a certain series all of whose terms (expect the
first corresponding to the residue at the zero) decrease exponentially at infinity. The
splitting of the integrodifferential equation will correspond to the splitting of Green's
function. Further proof can be carried out using the scheme in /1-3/. The technical com-
plications are considerable, but can be overcome.
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